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ABSTRACT
In the measurements of cosmic microwave background polarizations, three frequency
channels are necessary for discriminating the primordial B-modes from the polarized
dust and the synchrotron emission. We carry out an optimistic estimate on the sensi-
tivity to the detection of primordial gravitational waves using the cosmic microwave
background B-modes only, and explore how to reach the thresholds for the tensor-to-
scalar ratio r in the theoretically well-motivated inflation models. For example, Lyth
bound implies r ' 2× 10−3, a corrected Lyth bound shows r ' 7× 10−4, and some
typical inflation models gives r ' 4× 10−5. Taking into account the up-to-date con-
straints on r, i.e. r0.05 < 0.07 at 95% confidence, we find that the consistency relation
nt =−r/8 in the canonical single-field slow-roll inflation cannot be distinguished from
the scale invariance, due to the cosmic variance in the power spectrum of cosmic mi-
crowave background B-modes. The cosmic variance places an inevitable limit on the
measurements of the tensor spectral index, i.e. σnt ' 0.01 for 26 `6 `max = 300.
Key words: Primordial gravitational waves – Cosmic microwave background – B-
mode polarization
1 INTRODUCTION
The inflation model (Starobinsky 1979, 1980; Guth 1981;
Linde 1982; Albrecht & Steinhardt 1982; Sato 1981) has
been the leading paradigm of the very early Universe in past
three decades. Not only does it resolve the flatness, horizon
and monopole problems in the hot big-bang theory, but also
seeds primordial cosmological perturbations which evolved
into the large-scale structures in the Universe (Mukhanov
et al. 1992). The primordial tensor perturbations predicted
by the inflation are called as the primordial gravitational
waves. In general, the power spectrum of primordial gravi-
tational waves is parameterized as a power-law form, namely,
Pt(k) = rAs
(
k
kp
)nt
(1)
where r is called the tensor-to-scalar ratio at the pivot scale
kp, nt denotes the tensor spectral index or the tensor tilt, As
is the amplitude of power spectrum of primordial scalar per-
turbations. This is a dimensionless power spectrum, which
? e-mail: huangqg@itp.ac.cn
† e-mail: wangsai@itp.ac.cn.
is also denoted by ∆2t in the literature. The tensor tilt char-
acterizes the scale dependence of the tensor power spec-
trum. In the simplest class of inflation, i.e. the canonical
single-field slow-roll models, there is a consistency relation
between r and nt , i.e. nt =−r/8 (Liddle & Lyth 1992). There-
fore, the tensor power spectrum is red-tilted. A more generic
formula in the single-field inflation can be found in Refer-
ence (Kobayashi et al. 2011). In the effective field theory of
single-field inflation, at leading order in derivatives, the ten-
sor power spectrum is fixed by the Hubble rate during infla-
tion (Creminelli et al. 2014). Therefore, detecting a positive
tilt would imply H˙ > 0 and a violation of the null energy
condition, which is difficult to realize without incurring in
instabilities. However, a positive tensor tilt would be allowed
if some higher-derivative operators are included (Baumann
et al. 2016).
Primordial gravitational waves leave several character-
istic fingerprints on the CMB, including the temperature
anisotropies and the E/B-mode polarizations (Grishchuk
1975; Starobinsky 1979; Rubakov et al. 1982; Crittenden
et al. 1993; Kamionkowski et al. 1997a,b; Zaldarriaga &
Seljak 1997; Hu et al. 1998). Using the CMB temperature
anisotropies only, Planck 2015 results (P15) (Ade et al.
c© 2018 The Authors
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2016c) showed an indirect upper limit on the tensor-to-scalar
ratio, namely, r0.05 < 0.12 at 95% confidence level (CL). Us-
ing the B-mode data, BICEP2 & Keck Array (BK14) (Ade
et al. 2016a) gave the latest direct upper bound r0.05 < 0.09
at 95% CL. Combining the above two datasets with other
low-redshift datasets, the upper bound becomes tighter, i.e.,
r0.05 < 0.07 at 95% CL (Ade et al. 2016a; Huang et al. 2016)
1. Using the gravitational-wave observations only, a recent
constraint on the tensor tilt was found to be nt =−0.76+1.37−0.52
at 68% CL (Huang & Wang 2015). Further combining with
the indirect observations of gravitational waves, this con-
straint becomes nt = −0.05+0.58−0.87 at 95% CL (Cabass et al.
2016). Both constraints on the tensor tilt are consistent with
the scale-invariant spectrum. Reference (Meerburg et al.
2015) obtained similar results.
Since the primordial gravitational waves have not been
detected, it is worthy to explore some well-motivated thresh-
olds for the tensor-to-scalar ratio r. In Reference (Lyth
1997), Lyth found that the tensor-to-scalar ratio is related
to the excursion distance of inflaton during the inflationary
era through
|∆φ |/Mp =
∫ N∗
0
√
r(N)/8 dN , (2)
where Mp = 1/
√
8piG is the reduced Planck scale and N is
the e-folding number before the end of inflation. If r is a
constant, the threshold |∆φ |/Mp = 1 implies r = 8/N2∗ ' 2×
10−3. However, the current constraint on ns from P15 (Ade
et al. 2016c) showed ns = 0.9645±0.0049 at 68% CL, and the
tensor-to-scalar ratio r evolves with the expansion of the
Universe during the inflationary era, namely −d lnr/dN =
nt − (ns− 1) by definition. For ns 6= 1, the threshold for r is
modified to be r∗ ' 2(1−ns)2/[exp((1−ns)N∗/2)−1]2 (Huang
2015), i.e. the red solid curve in Fig. 1, and then r∗ ' 7×
10−4 for ns = 0.9645. Furthermore, the tensor-to-scalar ratio
takes the form of r(N) = 16α/(N +α1/p)p in some typical
inflation models (Huang et al. 2016; Huang 2007; Garcia-
Bellido et al. 2014), and the threshold for r in this case is
the blue dashed curve in Fig. 1. For ns = 0.9645, we have
r∗ ' 4× 10−5. In addition, from Fig. 1, the thresholds for r
in both cases approach to 2×10−3 when ns→ 1.
Two questions we are facing are how to reach these well-
motivated theoretical thresholds for the tensor-to-scalar ra-
tio and how we can test the consistency relation nt =−r/8 for
the simplest class of inflation model. Future improvements to
the sensitivity on the primordial gravitational waves should
mainly come from the CMB polarization experiments. In the
realistic observations, however, the foreground radiations
significantly contaminate the primordial B-mode polariza-
tions (Adam et al. 2016a; Mortonson & Seljak 2014; Flauger
et al. 2014; Cheng et al. 2014; Ade et al. 2015; Aghanim et al.
2017). They should be taken into consideration seriously. A
recent study (Creminelli et al. 2015) showed that the the-
oretically motivated r ∼ 2× 10−3 can be achieved by some
future experiments if the instrumental white noise is reduced
1 In 2018, BICEP & Keck Array (Ade et al. 2018) released re-
sults from an analysis of all data up to and including 2015 ob-
serving season. The data analysis yielded a constraint r0.05 < 0.07
at 95% CL, which tightened to r0.05 < 0.06 by combining with
Planck temperature measurements and other datasets. These are
the strongest constraints to date on the tensor-to-scalar ratio r.
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Figure 1. The threshold for the tensor-to-scalar ratio corre-
sponding to |∆φ |/Mp = 1. The red solid curve and blue dashed
curve, respectively, correspond to the general single-field slow-
roll inflation model and some typical inflation model in which
r(N) = 16α/(N +α1/p)p. The gray and light gray bands, respec-
tively, correspond to the 68% and 95% limits on ns from Planck
data released in 2015 (Ade et al. 2016c).
to ∼ 1µK-arcmin and the lensing B-modes reduced to 10%.
Their forecasts are not changed significantly with respect
to the previous estimates (Lee et al. 2015). However, Refer-
ence (Huang et al. 2015) shows that these experiments are
not sensitive enough to discriminate the consistency relation
in the canonical single-field slow-roll inflation models from
the scale-invariant spectrum. Other related studies can be
found, for example, in References (Cabass et al. 2016; Escud-
ero et al. 2016; Errard et al. 2016; Kamionkowski & Kovetz
2016; Santos et al. 2016; Guzzetti et al. 2016; Lasky et al.
2016; Wang et al. 2017) and references therein.
In this paper, we will explore several potential setups
for the CMB polarization experiments, for which we gener-
ally consider the contamination including foreground emis-
sions, white noise, and CMB lensing, regardless of the spe-
cific methods to reduce them. We will take these contami-
nation into consideration to estimate the projected sensitiv-
ity of these experiments to the detection of the primordial
gravitational waves. In particular, we will explore how to
reach the theoretically motivated thresholds for the tensor-
to-scalar ratio, and check the possibility to test the consis-
tency relation in the simplest class of inflation.
The rest of the paper is arranged as follows. In section 2,
we describe what is the methodology to deal with primordial
B-modes, foregrounds, instrumental noise and CMB lensing.
The Fisher information matrix is also briefly introduced. In
section 3, we show the results of our analysis. The conclusion
and discussion are listed in section 4.
2 METHODOLOGY
In this paper, we only focus on the CMB B-mode polariza-
tion, regardless of the temperature anisotropies and the E-
mode polarization. In this section, we demonstrate what are
MNRAS 000, 1–9 (2018)
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the methods to deal with various components of the CMB
B-modes and the technique of Fisher information matrix.
2.1 Primordial B-modes
Using the publicly available CAMB program package (Lewis
et al. 2000; Howlett et al. 2012), we can numerically calcu-
late the angular power spectrum of the primordial B-modes
in the linear perturbation theory, given a spectrum of pri-
mordial gravitational waves. The result is
CBB` =
∫
d lnk Pt(k) [∆B` (k)]
2 , (3)
where ∆B` is the transfer function and Pt(k) denotes the
power spectrum of primordial gravitational waves. The for-
mula of Pt(k) is given by Eq. (1). In the following, we use
C˜` = `(`+ 1)CBB` /(2pi) instead of C
BB
` for convenience.
Based on the Planck 2015 results (Adam et al. 2016b;
Ade et al. 2016b), the six independent cosmological pa-
rameters in the base ΛCDM fiducial model are fixed
to their best-fit values at the scalar pivot scale kp =
0.05 Mpc−1, namely, [Ωbh2,Ωch2,100θMC,τ, ln(1010As),ns] =
[0.02225,0.1198,1.04077,0.058,3.094,0.9645]. They include
the baryon density today (Ωbh2), the cold dark matter den-
sity today (Ωch2), the angular scale of the sound horizon at
last-scattering (θMC), the Thomson scattering optical depth
due to the reionization (τ), the amplitude of scalar power
spectrum (As), and the spectral index of scalar power spec-
trum (ns). For the canonical single-field slow-roll inflation,
the consistency relation is nt = −r/8 (Liddle & Lyth 1992).
Considering the current upper bounds on r, the absolute
value of the tensor tilt is expected to be less than O(10−2).
For simplicity, we can thus set a vanishing fiducial value to
nt . For consistency, however, we still fix the tensor tilt to the
consistency relation in this work.
2.2 Foregrounds
For the foregrounds, we consider the synchrotron (S) and the
Galactic polarized dust (D). One can separate them from
each other in the power spectrum of CMB B-mode polar-
ization, since they occupy totally different frequency depen-
dence. At a given frequency ν, the power spectra of them
are usually given by
S`ν =
(
W Sν
)2
CS` =
(
W Sν
)2
AS
(
`
`S
)αS
, (4)
D`ν =
(
WDν
)2
CD` =
(
WDν
)2
AD
(
`
`D
)αD
, (5)
where the frequency dependence are denoted by W Sν and W
D
ν ,
respectively. One has the following formulae, namely,
W Sν =
WCMBνS
WCMBν
(
ν
νS
)βS
, (6)
WDν =
WCMBνD
WCMBν
(
ν
νD
)1+βD ehνD/kBT −1
ehν/kBT −1 , (7)
where the foregrounds have been normalized by the CMB
blackbody, i.e. WCMBν = x
2ex/(ex−1)2 in which we use x =
hν
kBTCMB , and TCMB = 2.7255K denotes a mean temperature of
the CMB. The fiducial values of foreground parameters are
Parameters Synchrotron Polarized Dust
A72%[µK2] 2.1×10−5 0.169
A1%[µK2] 4.2×10−6 0.006
ν [GHz] 65 353
` 80 80
α −2.6 −2.42
β −2.9 1.59
T [K] − 19.6
Table 1. A list of foreground parameters.
listed in Tab. 1. Here A fsky denotes the cleanest effective area,
which occupies a fraction ( fsky) of the sky, and its unit is
µK2.
The synchrotron foreground was measured by WMAP
satellite (Page et al. 2007), and the Galactic polarized dust
was measured by Planck satellite (Adam et al. 2016a). The
synchrotron dominates below 90 GHz, while the Galactic
polarized dust becomes dominant above this frequency. The
foregrounds could also be cross-correlated with each other
(Flauger et al. 2014). To achieve a rough estimation, we
assume a correlation taking the form g
√
S`νiD`ν j , where g
denotes a correlation coefficient. In our fiducial model, we set
g = 0.5 which is independent of fsky, ` and ν. More detailed
analysis is beyond the scope of this paper.
2.3 White noise
We consider the white noise which stems from the Fourier
transformation of a Gaussian beam from the real space to
the harmonic space. We do not consider the systematics de-
pending strongly on specific experimental setups. The power
spectrum of white noise is defined as (Knox 1995)
N` =
`(`+ 1)
2pi
δP2e`
2σ 2b , (8)
where δP denotes the instrumental sensitivity to the CMB
polarizations, and σb = θFWHM/
√
8ln2 denotes the beam-size
variance. In this study, we consider several experimental set-
tings, regardless of how to specifically implement them. The
sensitivity δP is assumed to take the same magnitude for all
frequency bands, and freely vary in the range [10−2,102]µK-
arcmin. We leave this parameter to be free since we expect to
study its effect on the detection of primordial B-modes and
how to improve it. In addition, the experimental resolution
θFWHM is fixed to be 5 arcmin here.
To get a rough sense to our setup, we note the following
experimental specifications. LiteBIRD 2 will have a beam of
∼ 30 arcmin, COrE-M5 3 will have ∼ 3.7 arcmin, and CMB-
S4 4 will have ∼ 3 arcmin. LiteBIRD will reach a sensitivity
of ∼ 3.2µK-arcmin, COrE-M5 will reach ∼ 2µK-arcmin, and
CMB-S4 is expected to reach ∼ 1µK-arcmin. Therefore, our
2 litebird.org
3 www.core-mission.org
4 https://cmb-s4.org
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Figure 2. The power spectra of primordial B-mode polarization
(solid curves) versus the lensing B-mode spectrum (dashed curve).
lower value for the power noise seems very futuristic, while
the upper bound seems very pessimistic.
2.4 Lensing residual
The gravitational weak lensing of the CMB provides an an-
other source of contamination to the detection of primordial
B-modes (Lewis & Challinor 2006). One cannot deal with
the lensing B-modes in the similar way as the foregrounds,
since the lensing B-modes have the same frequency depen-
dence as the primordial B-modes. However, one can recon-
struct the lensing potential with the CMB temperature or
E-modes at small angular scales, and then subtract the lens-
ing effects from the CMB B-modes at larger angular scales
(Knox & Song 2002; Kesden et al. 2002; Seljak & Hirata
2004; Smith et al. 2012; Ade et al. 2016d). This process is
called delensing. One can define a parameter to describe the
residual of lensing B-modes after delensing, i.e. αL, which
is also independent of fsky, ` and ν. In other words, 1−αL
denotes the delensing efficiency. There is not any physical
limit on the delensing efficiency in principle.
In this study, we set αL ∈ [10−2,1] without considering
how to specifically implement the delensing. Note that the
lower bound for αL seems very optimistic, while the upper
bound seems very pessimistic. Using the procedure described
in Reference (Errard et al. 2016), it is possible to show that
future experiments will achieve at most αL =O(10−1) (Renzi
et al. 2018). For example, LiteBIRD is expected to reach
αL ' 0.94, COrE-M5 will reach αL ' 0.37, and CMB-S4 will
reach αL ' 0.25.
The lensing B-mode power can be numerically calcu-
lated using the CAMB. Delensing starts to become important
when the tensor-to-scalar ratio is smaller than O(10−2) if we
mainly concentrate on the recombination peak of B-mode
power spectra, see Fig. 2. The residual power δClensing` ≡
αLC
lensing
` of the lensing B-modes could be incorporated into
the power spectrum of the so-called effective noise, i.e.,
N` −→ N` + δClensing` (Lee et al. 2015). In fact, the power
spectrum of lensing B-modes (` < 150) is similar to that of
the white noise with an amplitude of 4.5µK-arcmin.
2.5 Fisher information matrix
In general, one can use the “component separation” (CS)
method to analyze the CMB B-mode polarization data. The
average log-likelihood is given by (Creminelli et al. 2015)
〈lnLBB〉=−12 ∑` fsky(2`+ 1)[lndet
(
WC`W
T +N`
)
+tr
(
W¯ C¯`W¯T +N`
WC`WT +N`
)
] , (9)
where the bar denotes the parameters fixed to their “true”
values. Here a constant term has been discarded.W describes
the frequency dependence of each component of CMB B-
modes. It is a N×3 matrix with a row (1,WDνi ,W Sνi). We use
N to denote the number of frequency bands. As a 3×3 ma-
trix, C` denotes the covariance matrix among three B-mode
components. The Fisher matrix is defined as
Fi j =−∂
2〈logLBB〉
∂ pi∂ p j
|p=p¯ , (10)
where p¯ denote the “true” values for a set of parameters p.
The 1σ error on a parameter pi is given by the Cramer-Rao
bound, namely, σpi >
√(
F−1
)
ii.
Taking into account the foregrounds, one of the aims of
this paper is to explore how to reach the theory-motivated
thresholds for the tensor-to-scalar ratio. Given (δP,αL),
we consider the likelihood as a function of six parameters
(r,AD,AS,βD,βS,g). We set a fiducial value r¯ = 0. In this case
the cosmic variance approximates zero, and the uncertainty
on r only depends on foregrounds, noise and lensing. Thus
our estimation can be viewed as an optimistic one. Consid-
ering the uncertainties, we assume the Gaussian priors for
AD, AS, and βS with the variance 50%, 50%, and 10%, respec-
tively. We assume a Gaussian prior for βD with the variance
10% for fsky = 72% while 50% for fsky = 1%. For other pa-
rameters, we do not assume priors any more. When fore-
casting r, we set the tensor pivot scale to be kp = 0.01Mpc−1
which is roughly corresponded to ` ' 100 in the CMB B-
mode power spectrum. The 1σ uncertainty on r is obtained
by marginalizing over all other parameters.
The parameter nt will be added when one studies the
consistency relation or equivalently the scale dependence of
the tensor spectrum. In this case, the fiducial value of r can
not be vanishing any more. One should set a non-zero fidu-
cial value for r. Otherwise, both nt and its 1σ uncertainty can
take any real value. To be consistent with current observa-
tional limits on r, i.e. r0.05 < 0.07 at 95% CL, we set r¯ = 0.05
and n¯t =−r¯/8 as the fiducial value. We also study the fiducial
model with n¯t = 0, and the results are not changed signifi-
cantly. The 1σ uncertainties on r and nt are obtained by
marginalizing over all other parameters. In addition, there
could be some degeneracy between r and nt in the (r,nt) con-
fidence ellipse. One should choose a suitable pivot scale kp to
eliminate this degeneracy (Zhao & Baskaran 2009; Zhao &
Huang 2011; Huang et al. 2015). Or equivalently, one should
find a suitable pivot scale such that (F−1)rnt ' 0. In this way,
the 1σ uncertainty on r will be minimal.
MNRAS 000, 1–9 (2018)
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3 ANALYSIS AND RESULTS
In this section, we show our results about potential uncer-
tainties on the tensor-to-scalar ratio r and the tensor tilt nt
due to foregrounds, white noise and delensing residual. In
particular, we predict an inevitable uncertainty on nt due to
the cosmic variance of the power spectrum of CMB B-mode
polarization.
We explore the CMB B-mode observations with three
different frequency bands. We consider the following three
combinations of frequency bands. The first case is given by
the frequency bands (35, 90, 350) GHz, the second one (90,
220, 350) GHz and the third one (35, 45, 90) GHz. The fre-
quency 90 GHz is the CMB band, 35 GHz and 45 GHz the
synchrotron bands, and 220 GHz and 350 GHz the polarized
dust bands. The 350 GHz band cannot be implemented on
the ground, while it can be implemented in the satellite or
on a balloon. Two dust/synchrotron bands can constrain the
amplitude and spectral index of the dust/synchrotron power
spectrum simultaneously. In addition, we consider two dif-
ferent sky coverage fsky when we estimate the uncertainty
on r. One is 72%, and the other one is 1%. We consider the
CMB B-mode power spectrum with 26 `6 300 for the for-
mer, while 306 `6 300 for the latter. When we estimate the
uncertainties on r and nt simultaneously, we only consider
the sky coverage fsky = 72%.
3.1 Uncertainty on r
The polarized dust foreground has crucial influence on the
r constraints (Creminelli et al. 2015). Taking the polarized
dust into account, we wonder whether an improvement of
δP and αL can have potential impacts on constraining r. We
denote the 1σ uncertainty on r with σr. Fig. 3 shows the
variation of σr as the noise and delensing parameters are
varied. The left subfigures are referred to fsky = 1%, while
the right ones fsky = 72%. The top subfigures are showed
for the frequency bands (35, 90, 350) GHz, the middle ones
for (90, 220, 350) GHz, and the bottom ones for (35, 45, 90)
GHz. In each subfigure, we depict four typical contours of
σr, namely, the red curve curve for σr = 4×10−5 (no display
for fsky = 1%), the green one for σr = 7×10−4, the blue one
for σr = 2×10−3, and the black one for σr = 10−2.
From Fig. 3, we find that δP and αL can significantly
impact the uncertainty on r for a vanishing fiducial r. De-
creasing the instrumental noise always leads to better con-
straints on r. For fsky = 72%, the low-` multipoles of the
CMB B-modes are considered, which covers the reionization
peak. Thus the delensing becomes essential when r is lower
than the order of 10−3. By contrast, the low-` multipoles of
the CMB B-modes are not taken into account for fsky = 1%.
Thus the delensing becomes important only when r is lower
than the order 10−2. In fact, it is marginally important to
take delensing when r & few×10−2.
For fsky = 72%, all three experimental setups can reach
the sensitivity σr = 4× 10−5. In particular, the frequency
combination (35, 90, 350) GHz can even reach σr ∼O(10−6).
This setup covers the synchrotron band, the CMB band and
the polarized dust band simultaneously. If the synchrotron
band is discarded, the sensitivity becomes lower by around
two times. If the polarized dust band is discarded, the sen-
sitivity becomes lower by about one order. Our results re-
veal that the polarized dust foreground has more significant
impact on a probe of the primordial B-modes than the syn-
chrotron foreground does. For fsky = 1%, by contrast, the
sensitivity on probing r becomes much lower for all three
experimental setups, due to the large uncertainty on the in-
dex βD of the polarized dust foreground and the absence
of the low-` multipoles of the CMB B-modes. However, the
sensitivity σr = 7×10−4 may be reachable. In this case, the
most sensitive setup is still given by (35, 90, 350) GHz.
3.2 Uncertainty on nt
The polarized dust radiations have significant impacts on the
nt constraints (Huang et al. 2015). For the optimistic consid-
eration, we wonder how precisely one can measure the power
spectrum of primordial B-modes and if one can distinguish
it from the exactly scale-invariant spectrum. In the (αL, δP)
plane, the two-dimensional contours for the 1σ uncertainty
on nt are depicted in Fig. 4. The top subfigure is showed for
(35, 90, 350) GHz, the middle one for (90, 220, 350) GHz,
and the bottom one for (35, 45, 90) GHz. As mentioned in
Subsec. 2.5, we have fixed r¯ = 0.05 here. In each subfigure,
we depict four typical contours of σnt , namely, the red curve
for σnt = r¯/8, the green one for σnt = r¯/4, the blue one for
σnt = 3r¯/8, and the black one for σnt = r¯/2. However, the red
and green curves do not be displayed here (in the lower left
corner of panels) since the required sensitivities have not
been reached. In the lower panel, all the curves are outside
of the plot (in the lower left corner).
To be optimistic, we reach the best sensitivity σnt '
0.015. This is still larger than the cosmic-variance limit
showed in the next subsection. Given the current constraint
r < 0.07 at 95% CL (Ade et al. 2016a; Huang et al. 2016),
therefore, one can not discriminate the consistency relation
nt = −r/8 from the scale-invariant spectrum, even for the
most optimistic scenario in this paper. However, the obser-
vations of CMB B-mode polarization can still place stringent
constraints on nt . Similar to r in Fig. 3, the sensitivity to nt
can be impacted significantly by both δP and αL according
to Fig. 4. The setup (35, 90, 350) GHz and (90, 220, 350)
GHz provide the best sensitivity to nt . The reason is that
these setup can determine the parameters AD and βD of the
polarized dust foreground with higher precision. Therefore,
a multi-band observation of the CMB B-mode polarization,
determining the polarized dust emission better, may be help-
ful to learn more about nt .
3.3 Cosmic-Variance Limit on nt
The cosmic variance (CV), i.e. ∆C`/C` =
√
2/[(2`+ 1) fsky] for
the `-th multipole, is inevitable in the CMB power spectra.
It limits the precision in determining cosmological parame-
ters. Due to the CV limit, for example, one cannot constrain
r better than 0.05 with the CMB temperature anisotropies
only (this amplitude will be improved by four times with
the E-mode polarization only) 5. Given the present strin-
gent constraints on r, future improvements will mainly come
from the non-CV-limited B-mode polarization of the CMB.
However, the CV of the B-mode power spectrum still limits
5 http://cosmologist.info/notes/tensors.ps
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Figure 3. The 1σ uncertainty σr in the (αL, δP) plane for (35, 90, 350) GHz (upper), (90, 220, 350) GHz (middle) and (35, 45, 90) GHz
(lower) when fsky = 1% (left) and 72% (right). We set r¯ = 0 as the fiducial model. The red curve denotes a contour of σr = 4×10−5, the
green one σr = 7×10−4, the blue one σr = 2×10−3 and the black one σr = 10−2.
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Figure 4. The 1σ uncertainty σnt in the (αL, δP) plane for (35,
90, 350) GHz (upper), (90, 220, 350) GHz (middle) and (35, 45,
90) GHz (lower) when fsky = 72%. We set r¯ = 0.05 and n¯t =−r¯/8 as
the fiducial model. The red curve denotes a contour of σnt = r¯/8,
the green one σnt = 2r¯/8, the blue one σnt = 3r¯/8 and the black one
σnt = 4r¯/8. Please note that the red and green curves are outside
of the plot (in the lower left corner). For the lower panel, all the
curves are outside of the plot (in the lower left corner).
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Figure 5. The CV limit on nt versus the maximal multipole `max.
For a given value of `max, we compute the 1σ uncertainty σnt with
the multipoles of CMB B-modes from 2 to `max.
the precision in measuring r with the CMB B-mode polar-
ization only. It can thus give rise to the CV limit on the
determination of nt . We will study this CV limit on nt in the
following.
To find the CV limit on nt , we consider only the pri-
mordial B-mode polarization of the CMB, regardless of the
contamination from foregrounds, noise and lensing. There-
fore, the average log-likelihood in Eq. (9) becomes
〈lnLBB〉=−12
`max
∑`
=2
fsky(2`+ 1)
(
lnC˜`+
¯˜C`
C˜`
)
, (11)
where only one frequency band is considered. Calculating
the Fisher information matrix, we show the CV limit on nt
as a function of the maximal multipole `max in Fig. 5. For
each given value of `max, we compute the 1σ uncertainty σnt
using the CMB multipoles of B-mode polarization from 2 to
`max. We choose 29 6 `max 6 300 in this study. In principle,
the CV limits for higher `max can be obtained in the same
way. Obviously, an extension to higher `max can improve the
CV limit on nt . However, this is not necessary in the near
future, since the contamination from the residual power of
the lensing B-mode polarization is more dominant for higher
multipoles (please refer to Fig. 2).
The CV limit on nt only depends on the CV of the CMB
B-mode power spectrum, i.e., ∆CBB` /C
BB
` =
√
2/[(2`+ 1) fsky].
The B-mode power thus preserves a smaller uncertainty for a
higher `. Therefore, σnt decreases monotonically with `max in
Fig. 5. For example, in the case of full sky, our results show
σnt ' 0.09 for 26 `6 29 (low-`multipoles) while σnt ' 0.01 for
26 `6 300. In addition, σnt becomes smaller for a larger sky
coverage which covers many more multipoles of the CMB
B-mode polarization. According to Fig. 5, for example, σnt
for the full sky is smaller by around three times than that
for the 10% sky. In addition, we study the fiducial model
with n¯t = 0, for which the CV limit on nt does not depend
on the fiducial value of r. We find the same CV-limit on nt .
Given the current constraint r < 0.07 at 95% CL (Ade
et al. 2016a; Huang et al. 2016), it is unlikely to distinguish
the consistency relation nt =−r/8 from the scale invariance,
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i.e. nt = 0, by using the CMB B-mode only. The full-sky
CV limit on nt , denoted by the red curve in Fig. 5, cannot
be crossed over with the CMB B-mode observations only.
Therefore, nt =−r/8 would be probably consistent with the
scale invariance within 1σ CL. To further reduce the uncer-
tainty on nt , one needs to supplement the CMB data with
other external datasets 6. For example, one may test the
consistency relation at 2σ CL using the 21cm line (Masui
& Pen 2010). However, future observations on the CMB po-
larizations can still make relatively stringent constraints on
nt (Huang et al. 2015), and have potentials to rule out some
models of the very early Universe, for example, the ekpyrotic
universe model which predicts nt = 2 (Khoury et al. 2001).
4 CONCLUSION AND DISCUSSION
In this paper, we provided optimistic estimations on the sen-
sitivity to the detection of the primordial gravitational waves
using the CMB B-mode polarization only. In the measure-
ments of r with three frequency bands, we found the opti-
mistic setup to be (35, 90, 350) GHz, which covers the syn-
chrotron, CMB, and polarized dust bands simultaneously.
In the most optimistic scenario, the sensitivity σr ' 4×10−5
may be reachable for the 72% sky coverage. This sensitivity
is decreased by about one order for the 1% sky coverage.
In the measurements of nt , we found that the best sensitiv-
ity is σnt ' 0.015 for the same optimistic setup. Our results
confirm the significant impact of the polarized dust on the
observations of the primordial B-modes. The conclusions in
this work are consistent with our previous estimation in Ref-
erence (Huang et al. 2015).
The sensitivity to nt is inevitably limited by the cosmic
variance of the power spectrum of CMB B-mode polariza-
tion. In this paper, we have estimated this CV limit on the
measurements of nt . Given the fiducial model r¯ = 0.05 and
n¯t = −r¯/8, the CV limit on nt is σnt ' 0.01 for 2 6 ` 6 300.
This is expected to be improved by including higher-order
multipoles (i.e. ` > 300) of the CMB B-mode polarization. If
we use the fiducial model with n¯t = 0, the CV limit on nt is in-
dependent of r¯. We found that it is σnt ' 0.01 for 26 `6 300.
Given the up-to-date constraint r0.05 < 0.07 at 95% CL, the
consistency relation nt =−r/8 cannot be distinguished from
the scale-invariant spectrum using the CMB B-mode polar-
ization only. Even though challenging, however, it is still
possible to discriminate some models of the very early Uni-
verse, e.g. the ekpyrotic universe model, by only observing
the CMB B-mode polarization in the future.
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